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The superconducting state in vanadium characterizes with the critical temperature (Tc) equal to
5.3 K. The Coulomb pseudopotential, calculated with the help of the Eliashberg equations, possesses
anomalously high value µ⋆ (3Ωmax) = 0.259 or µ
⋆ (10Ωmax) = 0.368 (Ωmax denotes the maximum
phonon frequency). Despite the relatively large electron-phonon coupling constant (λ = 0.91),
the quantities such as: the order parameter (∆), the specific heat (C), and the thermodynamic
critical field (Hc) determine the values of the dimensionless ratios not deviating much from the
predictions of the BCS theory: R∆ = 2∆ (0) /kBTc = 3.68, RC = ∆C (Tc) /C
N (Tc) = 1.69, and
RH = TcC
N (Tc) /H
2
c (0) = 0.171. This result is associated with the reduction of the strong-coupling
and the retardation effects by the high value of the Coulomb pseudopotential. It has been shown
that the results of the Eliashberg formalism can be relatively precisely reproduced with the help
of the semi-analytical formulas, if the value of µ⋆ is determined on the basis of the Tc-Allen-Dynes
expression (µ⋆AD = 0.198). The attention should be paid to the fact that in the numerical and in
the semi-analytical approach the comparable values of the thermodynamic parameters for the same
µ⋆ have been obtained only in the vicinity of the point µ⋆ = 0.1.
PACS numbers: 74.20.Fg, 74.25.Bt, 74.70.-b, 71.20.Be
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The classical Eliashberg theory is used to quantita-
tive description of the superconducting state, which is
mediated by the electron-phonon interaction [1]. The
strong-coupling and the retardation effects omitted in
BCS model [2, 3] are included in the Eliashberg theory
by assumption that the electron band energy is directly
renormalized by the frequency-dependent order parame-
ter (∆n = ∆(iωn)), the wave function renormalization
factor (Zn = Z (iωn)), and the energy shift function
(χn = χ (iωn)). The symbol ωn = (pi/β) (2n− 1) de-
notes the Matsubara frequency, β = 1/kBT , where kB
is the Boltzmann constant. In most cases, the materi-
als, in which we observe the phonon induced supercon-
ducting state, characterize with the very wide electron
band (W ≫ Ωmax, where W denotes the half-width of
the band, and Ωmax is the Debye frequency). For this
reason, the analysis of the superconducting state can be
conducted with the help of the Eliashberg equations for
the half-filled electron band [4, 5]:
φn =
pi
β
M∑
m=−M
λ (iωn − iωm)− µ
⋆θ (ωc − |ωm|)√
ω2mZ
2
m + φ
2
m
φm, (1)
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Zn = 1 +
1
ωn
pi
β
M∑
m=−M
λ (iωn − iωm)√
ω2mZ
2
m + φ
2
m
ωmZm, (2)
whereas the order parameter is given by the formula
∆n = φn/Zn. The electron-phonon pairing kernel has
the form of λ (iωn − iωm) = 2
∫ +∞
0
dω α
2F (ω)ω
(ωn−ωm)2+ω2
. The
spectral function α2F (ω) is usually calculated numeri-
cally by using the ab initio approach, where the elec-
tron band energy, the phonon dispersion relation, and
the electron-phonon matrix elements are taken into con-
sideration in the possible accurate way [6, 7]. Experi-
mentally, α2F (ω) is obtained from the McMillan-Rowell
tunnelling inversion procedure [8], which additionally al-
lows to confirm the results of ab initio calculations. The
depairing processes in the Eliashberg formalism are mod-
elled parametrically (µ⋆). The symbol θ represents the
Heavisides unit function and ωc is the cut-off frequency.
For the low value of µ⋆ (∼ 0.1), the considered parameter
is called as the Coulomb pseudopotential and represents
the Coulomb static screened repulsion corrected by the
retardation effects [9, 10]. In the case when µ⋆ assumes
significantly higher values, the considered quantity mod-
els in the most easy way the additional depairing pro-
cesses, inter alia: the existence of the competing phases
(CDW or SDW), the strong spin fluctuations, or the non-
adiabatic effects.
The Eliashberg set cannot be solved analytically. For
this reason, the semi-analytical expressions exist in the
literature, which enable to calculate the critical temper-
ature (Tc), the order parameter at zero Kelvin (∆ (0)),
the superconducting and the normal specific heat (CS
and CN ), or the thermodynamic critical field (Hc). Be-
2low we openly present the formula for the critical tem-
perature obtained by Allen and Dynes (known as the AD
formula) [11]:
kBTc = f1f2
ωln
1.2
exp
[
−1.04 (1 + λ)
λ− µ⋆ (1 + 0.62λ)
]
, (3)
where the phonon logarithmic frequency possesses the
form: ωln = exp
[
2
λ
∫ +∞
0 dω
α2F (ω)
ω
ln (ω)
]
. The electron-
fonon coupling constant can be written as: λ =
2
∫ +∞
0
dω α
2F (ω)
ω
. The correction functions are expressed
by the formulas:
f1 =
[
1 +
(
λ
Λ1
) 3
2
] 1
3
, f2 = 1 +
(√
ω2
ωln
− 1
)
λ2
λ2 + Λ22
,
whereas: Λ1 = 2.46 (1 + 3.8µ
⋆) and Λ2 =
1.82 (1 + 6.3µ⋆)
√
ω2
ωln
. The second moment of the
normalized weight function should be calculated from:
ω2 =
2
λ
∫ +∞
0 dωα
2F (ω)ω. The values of the remaining
thermodynamic parameters can be calculated on the
basis of the formulas presented in the papers [4, 12, 13]:
R∆ =
2∆(0)
kBTc
(4)
= 3.53
[
1 + 12.5
(
kBTc
ωln
)2
ln
(
ωln
2kBTc
)]
,
RC =
∆C (Tc)
CN (Tc)
(5)
= 1.43
[
1 + 53
(
kBTc
ωln
)2
ln
(
ωln
3kBTc
)]
,
and
RH =
TcC
N (Tc)
H2c (0)
(6)
= 0.168
[
1− 12.2
(
kBTc
ωln
)2
ln
(
ωln
3kBTc
)]
,
where: ∆C (Tc) = C
S (Tc)− C
N (Tc) is the specific heat
jump at the critical temperature. In particular, the spe-
cific heat of the normal state should be calculated on
the basis of the formula: CN (T ) = ρ (0) γk2BT , where
ρ (0) is the value of the electron density of states on
the Fermi level. The Sommerfeld constant is given by:
γ = 23pi
2 (1 + λ). Let us note that the formulas Eq. (4)-
Eq. (6) will be denoted also as MZC, MC and C formula.
In the presented paper we have determined the ther-
modynamic properties of the phonon-induced supercon-
ducting state in vanadium. This state is characterized
by the anomalously high value of µ⋆. The detailed cal-
culations were performed with the help of the Eliash-
berg equations and the semi-analytical formulas, which
allowed us to compare both approaches. We have used
the Eliashberg function derived from the work [14], which
was determined with the help of the DFT method.
Let us note that the studies on the superconducting
state in vanadium last since 1934. For the first time the
sudden drop of the resistance to zero at temperature of
4.3 K was discovered by Meissner and Westerhoff [15].
In 1952, Wexler and Corak obtained Tc = 5.13 K [16].
Fourteen years later, Radebaugh and Keesom measured
Tc = 5.4 K [17]. Recent experiments showed comparable
values of the critical temperature Tc = 5.3 K [18, 19].
In 1982, Zasadzinski et al. presented the results for
the superconducting state received as the part of the tun-
nelling experiment [20]. They found that the value of the
electron-phonon coupling constant equals 0.83, and they
established the existence of the relatively weak depairing
effects (µ⋆ = 0.15). Hence, on the basis of the Allen-
Dynes formula, the estimation of Tc = 6.2 K [20] could be
obtained. This value was slightly higher than that given
by Radebaugher and Keesom, or the value measured in
the tunnelling experiment by Westerdale (Tc = 5.36 K)
[21]. It should be emphasized that in 1996 first work
[22] was published, which suggested the existence of very
strong depairing effects in vanadium (µ⋆ = 0.3), due to
the calculated high value of the electron-phonon coupling
constant (λ = 1.19).
Very interesting results were obtained examining the
superconducting state in vanadium, which was subjected
to the influence of the high pressure. The experiment
conducted in 2000 by Ishizuka et al. [19], in the range
of the pressures up to 120 GPa has shown the strong
linear growth of the critical temperature’s values together
with the increasing applied pressure ([Tc]max = 16.5 K
for p = 120 GPa). Similar value of Tc was obtained by
Louiss and Iyakutti in 2003 (Tc = 17.2 K) [23]. So far
the highest critical temperature equal to Tc = 25 K was
measured by Vaitheeswaran et al. for the pressure at
130 GPa [24].
In the first step we have determined the values of the
Coulomb pseudopotential, for which the critical tempera-
ture calculated with the help of the Eliashberg equations
reproduces the experimental results ([Tc]exp = 5.3 K)
[17]. It turns out that the parameter µ⋆ very strongly
depends on the cut-off frequency. In the framework of
the Eliashberg formalism it is generally accepted that
ωc ∈ 〈3Ωmax, 10Ωmax〉. Therefore, we have estimated
the Coulomb pseudopotential for extreme points (ω
(1)
c =
3Ωmax and ω
(2)
c = 10Ωmax). We have used the equa-
tion [∆n=1 (µ
⋆)]T=Tc = 0 due to the fact that ∆n=1
represents the maximum value of the order parameter
on the imaginary axis. Of course, the Eliashberg equa-
tions set was solved in the self-consistent way, whereas
we adopted M = 1100. The numerical solutions of the
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FIG. 1: (a) The dependence of the maximum value of the or-
der parameter on the Coulomb pseudopotential for extreme
ωc. We have assumed Tc = [Tc]exp. (b) The critical temper-
ature as a function of µ⋆. The results have been obtained
with the use of the Eliashberg equations and the Allen-Dynes
(AD) formula.
Eliashberg equations were obtained with the use of the
methods tested in the papers [25–27].
The full dependence of the order parameter ∆n=1 on
the Coulomb pseudopotential has been plotted in Fig.
1 (a). It can be seen that, independently of adopted
ωc the value of the Coulomb pseudopotential is anoma-
lously high (µ⋆(ω
(1)
c ) = 0.259 or µ⋆(ω
(2)
c ) = 0.368). Phys-
ically it means that the depairing electron correlations in
vanadium cannot be only linked with the Coulomb static
screened repulsion corrected by the retardation effects.
For example, in the work [14] the detailed attention is
paid to the strongly destructive influence of the spin fluc-
tuations.
In Fig. 1 (b) we have presented the dependence of the
critical temperature on the Coulomb pseudopotential ob-
tained with the help of the Eliashberg equations and the
Allen-Dynes formula. It can be easily noticed that the
semi-analytical approach gives the value of the Coulomb
pseudopotential, which is much lower than the values
obtained from the Eliashberg equations (µ⋆AD = 0.198).
This is due to the approximations used in the course of
deriving the Allen-Dynes formula, inter alia, the omis-
sion of the cut-off frequency in the analytical approach.
Methodologically obtained result proves that quantity
µ⋆ in the Allen-Dynes formula should be regarded only
as the fitting parameter, matching model to the experi-
mental results. In fact, similarly we should look at the
Coulomb pseudopotential in the Eliashberg equations in
the case, when the value of µ⋆ is far higher than 0.1.
This fact is due to the high volatility of the Coulomb
pseudopotential’s value together with the change of ωc.
The physical meaning of the Coulomb pseudopotential’s
value can be expected only in the neighbourhood of the
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FIG. 2: The order parameter as a function of the temperature
for the selected values of the Coulomb pseudopotential. The
symbols have been obtained with the help of the Eliashberg
equations, lines represent the values predicted by the BCS
model: ∆ (T ) = ∆ (0)
√
1− (T/Tc)
Γ, where Γ = 3 [28]. The
insert presents the exemplary courses of the order parameter
on the complex plane in the dependence on the temperature.
point µ⋆ = 0.1, where both methods give comparable re-
sults (see Fig. 1 (b) - results for µ⋆ = 0.1 and µ⋆ = 0.15).
In Fig. 2 we have posted the courses of the order pa-
rameter as a function of the temperature. Physical val-
ues of the order parameter were calculated on the basis
of the equation ∆ (T ) = Re [∆ (ω = ∆(T ))], while the
order parameter on the real axis (∆ (ω)) was determined
basing on the analytical continued method [29]. The ex-
emplary values of the order parameter on the complex
plane for the selected temperatures have been shown in
the insertion in Fig. 2. As expected, for the Coulomb
pseudopotential equal to µ⋆(ω
(1)
c ) or µ⋆(ω
(2)
c ) we have
obtained the same function ∆ (T ). It differs only slightly
from the shape of the curve of the BCS theory, which
is the interesting result, since the electron-phonon cou-
pling constant for vanadium is relatively high (λ = 0.91).
It appears that the observed result is due to the very
high values of the Coulomb pseudopotential, which sig-
nificantly weaken the strong-coupling and the retarda-
tion effects included in the Eliashberg formalism. The
easiest way those effects can be modelled is to use the
ratio r = kBTC/ωln. For µ
⋆(ω
(1)
c ) and µ⋆(ω
(2)
c ) obtained
r = 0.003. In the case of the significantly lower values
of the Coulomb pseudopotential we get [r]µ⋆=0.1 = 0.006
and [r]µ⋆=0.15 = 0.005. Keep in mind that in the limit of
BCS r = 0 [4].
Having at disposal the results presented in Fig. 2 it is
possible to compare the outcomes of the Eliashberg the-
ory with the semi-analytical approach. For this purpose,
we took into account the formula of Mitrovic, Zarate, and
Carbotte, which allows to calculate the value of the di-
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FIG. 3: The dimensionless ratio R∆ as a function of the
Coulomb pseudopotential. The results have been obtained on
the basis of the Eliashberg theory and the Mitrovic, Zarate,
and Carbotte (MZC) formula.
mensionless ratio R∆ = 2∆(0) /kBTc (see Eq. (4)). The
results are collected in Fig. 3. Of course, for µ⋆(ω
(1)
c ) and
µ⋆(ω
(2)
c ) in the framework of the full Eliashberg formal-
ism we received the same result (R∆ = 3.67), which is
only slightly different from the result of the BCS theory
(R∆ = 3.53) [2, 3]. As it was mentioned, the lowering
of the Coulomb pseudopotential’s value strengthens the
importance of the strong-coupling and the retardation ef-
fects, whereby the value of the parameter R∆ increases
([R∆]µ⋆=0.1 = 3.89 and [R∆]µ⋆=0.15 = 3.83). The special
attention should be paid to the fact that the MZC for-
mula reproduces well the results of the advanced Eliash-
berg formalism, as long as we adopt µ⋆ = µ⋆AD. In par-
ticular [R∆]µ⋆
AD
= 3.65.
In the following part of the paper we have calculated
the free energy difference between the superconducting
and the normal state (∆F ) [30], the thermodynamic crit-
ical field, and the specific heat for the superconducting
and the normal state. We have used the following for-
mula:
∆F
ρ (0)
= −
2pi
β
M∑
m=1
(√
ω2m +∆
2
m − |ωm|
)
(7)
× (ZSm − Z
N
m
|ωm|√
ω2m +∆
2
m
),
where ZSm and Z
N
m denote the wave function renormal-
ization factor for the superconducting and the normal
state. The thermodynamic critical field is given by the
expression below:
Hc√
ρ(0)
=
√
−8pi [∆F/ρ (0)]. (8)
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FIG. 4: (a) The free energy difference between the super-
conducting and the normal state. (b) The thermodynamic
critical field and (c) the specific heat of the superconducting
state and the normal state.
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FIG. 5: (a) The values of RC parameter as a function of the
Coulomb pseudopotential, (b) the values of RH parameter.
The results have been obtained with the help of the Eliashberg
equations, the Marsiglio and Carbotte (MC) formula and the
Carbotte (C) formula.
The difference of the specific heat between the super-
conducting and the normal state can be determined with
the help of the formula:
∆C (T )
kBρ(0)
= −
1
β
d2 [∆F/ρ (0)]
d (kBT )
2 . (9)
Obtained results have been collected in Fig. 4. They
allow to calculate the values of the dimensionless ther-
modynamic ratios RC = ∆C (Tc) /C
N (Tc) and RH =
TcC
N (Tc) /H
2
c (0). Note that in the framework of the
BCS theory the parameters RC and RH accept the uni-
versal values of 1.43 and 0.168, respectively [2, 3]. For
5vanadium, in case of µ⋆(ω
(1)
c ) and µ⋆(ω
(2)
c ) we have ob-
tained RC = 1.68 and RH = 0.171. Of course, with
increasing significance of the strong-coupling and the
retardation effects due to decrease in the value of the
Coulomb pseudopotential (µ⋆ = 0.1 or µ⋆ = 0.15) the
difference between the predictions of the Eliashberg for-
malism and the BCS theory rises, which has also been
presented in Fig. 5. Additionally, it can be seen that
the semi-analytical formula (Eq. (5) and Eq. (6)) repro-
duce relatively precisely the numerical results in the case,
when µ⋆ = µ⋆AD. In particular, [RC ]µ⋆
AD
= 1.61 and
[RH ]µ⋆
AD
= 0.163. It should be emphasized that both
approaches (Eliashberg’s and semi-analytical) give the
comparable results for the same values of the Coulomb
pseudopotential near µ⋆ = 0.1.
Summarizing, we have determined the thermodynamic
parameters of the superconducting state in vanadium.
We have taken into account the approach based on the
Eliashberg equations and the semi-analytical formulas.
In spite of the fact that the electron-phonon coupling con-
stant in vanadium assumes the relatively high value, de-
termined thermodynamic functions differ little from their
counterparts in the BCS theory. The obtained result is
related to the fact that the value of the Coulomb pseu-
dopotential (regardless of the cut-off frequency) is abnor-
mally high, resulting in the significant reduction in the
importance of the strong-coupling and the retardation
effects. From the physical point of view, such the high
value of the Coulomb pseudopotential means that it can-
not be associated only with the Coulomb static screened
repulsion corrected by the retardation effects.
In addition, we have shown that the semi-analytical
approach allows, with the good approximation, to repro-
duce the results of the advanced Eliashberg formalism
in the case, when for µ⋆ we accept the value from the
Allen-Dynes formula. It should be emphasized that this
value is significantly lower than the value of the Coulomb
pseudopotential determined with the help of the Eliash-
berg equations, and it should be treated as the fitting
parameter.
It also draws attention that both approaches give com-
parable results for the same value of the Coulomb pseu-
dopotential only near point µ⋆ = 0.1. In the case un-
der consideration, the parameter µ⋆ is the measure of
the Coulomb static screened repulsion corrected by the
retardation effects. Generally speaking, however, going
beyond the description of the depairing electron correla-
tions with the help of the Coulomb pseudopotential seems
to be the very interesting direction of research. Particu-
larly, in the context of the superconducting systems, in
which induce the electron phases that are competitive
with the superconducting state [31, 32] or we expect the
strong electron correlations [33, 34]. Work in this direc-
tion has been taken by us.
[1] G. M. Eliashberg, Soviet Physics JETP 11, 696 (1960).
[2] J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Physical
Review 106, 162 (1957).
[3] J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Physical
Review 108, 1175 (1957).
[4] J. P. Carbotte, Reviews of Modern Physics 62, 1027
(1990).
[5] J. P. Carbotte and F. Marsiglio, in The Physics of Super-
conductors edited by K. H. Bennemann and J. B. Ket-
terson (Springer Berlin Heidelberg, 2003).
[6] S. Baroni, A. D. Corso, S. de Gironcoli, P. Giannozzi,
C. Cavazzoni, G. Ballabio, S. Scandolo, G. Chiarotti,
P. Focher, A. Pasquarello, et al., Quantum espresso
(1986), URL http://www.pwscf.org.
[7] P. Giannozzi, S. Baroni, N. Bonini, M. Calandra, R. Car,
C. Cavazzoni, D. Ceresoli, G. L. Chiarotti, M. Cococ-
cioni, I. Dabo, et al., Journal of Physics: Condensed
Matter 21, 395502 (2009).
[8] W. L. McMillan and J. M. Rowell, Physical Review Let-
ters 14, 108 (1965).
[9] P. Morel and P. W. Anderson, Physical Review 125, 1263
(1962).
[10] J. Bauer, J. E. Han, and O. Gunnarsson, Journal of
Physics: Condensed Matter 24, 492202 (2012).
[11] P. B. Allen and R. C. Dynes, Physical Review B 12, 905
(1975).
[12] B. Mitrovic, H. G. Zarate, and J. P. Carbotte, Physical
Review B 29, 184 (1984).
[13] F. Marsiglio and J. P. Carbotte, Physical Review B 33,
6141 (1986).
[14] M. Wierzbowska, The European Physical Journal B -
Condensed Matter and Complex Systems 48, 207 (2005).
[15] W. Meissner and H. Westerhoff, Zeitschrift fu¨r Physik
87, 206 (1934).
[16] A. Wexler and W. S. Corak, Physical Review 85, 85
(1952).
[17] R. Radebaugh and P. H. Keesom, Physical Review 149,
209 (1966).
[18] M. Ishizuka, M. Iketani, and S. Endo, in Science and
Technology of Hight Pressure (Proceedings of AIRAPT-
17, Honolulu, Hawaii, 25-30 July 1999).
[19] M. Ishizuka, M. Iketani, and S. Endo, Physical Review
B 61, R3823 (2000).
[20] J. Zasadziski, D. M. Burnell, and E. L. Wolf, Physical
Review B 25, 1622 (1982).
[21] S. Westerdale, http://web.mit.edu/shawest/Public/jlab/
Supercon/superpaper.pdf (2010).
[22] S. Y. Savrasov and D. Y. Savrasov, Physical Review B
54, 16487 (1996).
[23] C. N. Louis and K. Iyakutti, Physical Review B 67,
094509 (2003).
[24] G. Vaitheeswaran, I. B. S. Banu, and M. Rajagopalan,
Solid State Communiations 116, 401 (2000).
[25] R. Szcze¸s´niak, E. A. Drzazga, and A. M. Duda, Solid
State Communiations 166, 50 (2013).
[26] R. Szcze¸s´niak, A. M. Duda, E. A. Drzazga, and M. A.
6Sowin´ska, Physica C 506, 115 (2014).
[27] R. Szcze¸s´niak, A. M. Duda, and E. A. Drzazga, Physica
C 501, 7 (2014).
[28] H. Eschrig, Theory of Superconductivity: A Primer
(Citeseer, 2001).
[29] K. S. D. Beach, R. J. Gooding, and F. Marsiglio, Physical
Review B 61, 5147 (2000).
[30] J. Bardeen and M. Stephen, Physical Review 136, A1485
(1964).
[31] C. A. Balseiro and L. M. Falicov, Physical Review B 20,
4457 (1979).
[32] B. Wiendlocha, R. Szcze¸s´niak, A. P. Durajski, and
M. Muras, Physical Review B 94, 134517 (2016).
[33] J. G. Bednorz and K. A. Mu¨ller, Zeitschrift fu¨r Physik B
Condensed Matter 64, 189 (1986).
[34] J. G. Bednorz and K. A. Mu¨ller, Reviews of Modern
Physics 60, 585 (1988).
